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Abstract 

For any Riemannian foliation on a closed manifold M with an arbi- 
trary bundle-like metric, leafwise heat flow of differential forms is proved 
to preserve smoothness on M at inflnite time. This result and its proof 
have consequences about the space of bundle-like metrics on M, about 
the dimension of the space of leafwise harmonic forms, and mainly about 
the second term of the differentiable spectral sequence of J-. 



1 Introduction and main results 

For a smooth foliation J- on 'a closed Riemannian manifold M, leafwise heat 
flow means the evolution of an initial temperature distribution on M when 
the leaves are thermally isolated from each other. With more generality, we 
can consider leafwise heat flow induced by leafwise elliptic differential operators 
with symmetric leading symbol. In this paper, these operators are induced by 
leafwise elliptic differential complexes in the usual way. 

Let E he a, Z-graded Riemannian vector bundle over M, and d a first order 
leafwise elliptic differential complex on C°° (E) — the space of smooth sections of 
E. Let S denote the formal adjoint of d on M — it need not be formal adjoint of d 
on the leaves. Then D = d+5 and A = = d6 + Sd are symmetric differential 
operators on C°°{E), and thus essentially selfadjoint in the L^-completion L^{E) 
of C°°{E) (Theorem 2.2 in |^). Then the spectral theorem defines the leafwise 
heat operator e~*^ on L^{E) for each t > 0. 

The heat operator has a nice behavior on smooth sections at finite time: 
According to the work of J. Roe in [|4|, e"''^ defines a continuous operator on 
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C°°{E) which depends continuously on t e [0, oo). But the main objective of 
this paper is to study the behavior of e^*'^ on C°°{E) at the hmit when t — + oo. 

Recall that, by the spectral theorem, e~*^ on L'^{E) strongly converges 
to the orthogonal projection 11 onto the kernel of the unbounded operator 
defined by A in L?{E). By setting e^°°^ = IT, we get a continuous map 
[0, oo] X L'^{E) L'^{E) given by (i, (f) ^ e^*'^0, where [0, oo] is the one point 
compactification of [0,oo) — see Section ^ Observe that 11 need not preserve 
C°°{E) because D and A may not be elliptic on M; they are only leafwise ellip- 
tic. The following result, which is proved in Section ^, gives general conditions 
for n to preserve C°° (E) . 

Theorem 1.1 With the above notation, suppose that, on C°°{E), there is a 
transversely elliptic first order differential operator A, and there are zero order 
differential operators G, H , K and L such that 

Ad±dA = Gd + dH , A6±6A = K6 + 6L . (1) 

Then 11 defines a continuous operator on C°°{E), we have the leafwise Hodge 
decomposition 



[E) = ker A ® im A = (ker d n ker (5) ® im d © im (5 , 
and {t, <f)) ^ e~*^(j) defines a continuous map [0,oo] x C°°{E) —t C°°{E). 



In this paper, Theorem 1.1 is only applied to Riemannian foliations. Such fo- 
liations are characterized by having isometric holonomy for some metric on local 
transversals. This property is equivalent to the existence of a bundle-like metric 
on M — a metric so that the foliation is locally defined by Riemannian submer- 
sions. Let us mention that Riemannian foliations were introduced by B. Rein- 
hart 1^ , and certain description of their structure was given by P. Molino |^ , 



We mainly apply Theorem 1.1 to the leafwise differential complex con- 
structed as follows. Let r2(M) (or simply Vl) be the de Rham algebra of M . 
Consider the bigrading of f2 given by 

(U V \ 

The de Rham derivative and coderivative decompose as sum of bihomogeneous 
components, 

d = do,i + di,o + 0^2,-1 , 5 = (5o,-i + (5-i.o + 5-2,i , 

where the double subindixes denote the corresponding bidegrees. See 
and H for the properties of these components; in particular 
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• each Si J is the formal adjoint of d-i-j on M , 

• (i2,-i and 6-2,1 are of order zero, 

• Z?o = c'o,! + (^o.-i and Aq = I?q are leafwise elhptic and symmetric, and 

• D±^ = di.o + <5-i,o is transversely elliptic and symmetric. 

Let L^J7 be the L^-completion of fl, and 11 the orthogonal projection onto the 
kernel of the unbounded operator defined by Aq in L^fl. We prove in Section || 
(Proposition ^.l| ) that, if is a Riemannian foliation and the metric bundle-like. 



(17, do,i) satisfies the conditions of Theorem 1.1 with D± as A, obtaining the 
following result which solves affirmatively a conjecture of the first author and 
P. Tondeur g. 

Theorem 1.2 Let J- be a Riemannian foliation on a closed manifold M with 
a bundle-like metric. Then H defines a continuous operator on Q, we have the 
leafwise Hodge decomposition 



fl = ker Aq © im Aq = (kerdo,i n ker(5o,_i) ® im c?o,i © (^o.-i , (2) 
and {t, a) 1— > e~*'^°a defines a continuous map [0, 00] x il ^ D,. 



Theorem 1.2 is rather surprising. Indeed we can modify a given metric 
by introducing a huge bump of curvature on the plaques of a small foliation 
chart. Thus geodesies in close leaves have a sharply different behavior when 
going through that chart, and so is the behavior of leafwise heat flow on close 
leaves. Then one could wrongly think this phenomenon would break continuity 
of leafwise heat flow at infinite time. 

The above bigrading is useful to understand the differentiable spectral se- 
quence {Ei,di) of (see e.g. 0, ||l|): There are canonical identities 

(Eo, do) = {n, do.i) , {Ei,di) EE {H{n, do,i), rfi.o*) • (3) 

Moreover the C°° topology induces a topology on each Ei so that di is contin- 
uous. Such topology on Ei need not be Hausdorff |l^, obtaining the bigraded 
subcomplex Oi C Ei defined as the closure of the trivial subspace. The quotient 
bigraded complex -Ei/Oi will be denoted by £1. We get 

f^"^" ?^f7"'"nkcrAo , u,veZ, 



as direct consequence of Theorem 1.2, yielding the following dualities where p = 
dim and q = codim J^: If M is oriented, then = £f~^'^~^; if T is oriented, 
then f = f"'^""; and if T is transversely oriented, then £"'^ = £f^^'^ . These 
isomorphisms are respectively induced by the Hodge star operators on /\ TM*, 
f\TT* and /\TT^*. 
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This fits into a more general setting. First observe that (fi'^' , (io,i) can 
be canonically identified with the leafwise de Rham complex (r^(jF), djr)^ where 
r2(jF) = C°°(/\ TT*) and dr is defined by the de Rham derivative on the leaves. 
Thus E^'' can be identified with the leafwise cohomology and E^'' with the leaf- 
wise reduced cohomology. Furthermore the whole (io,i) can be considered, 
up to sign, as the leafwise de Rham complex of T with coefficients in the vector 
bundle /\{TM/TT)* with the flat JF-partial Bott connection; i.e. the partial 
connection induced by the partial Bott connection on the normal bundle |^ , • 
The condition that T be Riemannian is equivalent to the existence of a met- 
ric on the normal bundle such that the partial Bott connection is Riemannian. 
Thus, with more generality, we can consider the leafwise de Rham complex 
y), dj^) with coefficients in any Riemannian vector bundle V with a flat 
Riemannian J-'-partial connection. The leafwise reduced cohomology with coef- 
ficients in V will be denoted by Ti-iT, V). The operator 5j= on V), defined 
by the de Rham coderivative on the leaves, is adjoint oi dj^. Let Djr = dy^ + Sjr 
and Ayr = D%. Let also L'^n{T, V) be the L^-completion of V), and H the 
orthogonal projection of L^il{J-', V) onto the kernel of Ayr in L^Vl{T, V). The 
following result easily follows from the case with coefficients in R (Section 

Corollary 1.3 Let T he a Riemannian foliation on a closed manifold M , and 
let V be any Riemannian vector bundle with a flat Riemannian T -partial connec- 
tion. Fix any Riemannian metric on the leaves, smooth on M . Then 11 defines 
a continuous operator on Q,{!F,V), we have the leafwise Hodge decomposition 



Vl{T,V) = ker Ajr im Ajr = (kerdjr n keriJjr) im djr © im 5jr , 

and {t,a) ^-f e^^^^ a defines a continuous map [0,cxd] x i}{J-,V) — > il{J-,V). 
Thus 'H{!F ,V) can be canonically identified with kerAjr, and, if T is ori- 
ented, then the leafwise Hodge star operator on ker Ajr induces an isomorphism 
7r{T,V) ^W-''{T,V*). 



The case of Corollary |1.3| with coefficients in the normal bundle helps to un- 
derstand infinitesimal deformations of T |p^ . Another interesting application 
is to take coefficients in the symmetric tensor product S'^{{TM/TT)*), obtain- 
ing in Section ^ the following consequence which solves a problem proposed by 
E. MacfasQ. 

Corollary 1.4 LetT be a Riemannian foliation on a closed manifold M . Then, 
with respect to the C°° topology, the space of bundle-like metrics on M is a 
deformation retract of the space of all metrics on M . 



^Problem 4.12 of "Open Problems" in: Analysis and Geometry in Foliated Manifolds. 
X. Masa, E. Maci'as Virgos and J. A. Alvarez Lopez (Editors). Proceedings of the VII In- 
ternational Colloquium on Differential Geometry, Santiago de Compostela, 26-30 July, 1994. 
World Scientific, Singapore, 1995. 
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Corollary |l.3| also has the following consequence which partially generalizes 
results from . 

Corollary 1.5 Let T be a Riemannian foliation on a closed manifold M , and 
let V any Riemannian vector bundle with a flat Riemannian J^-partial con- 
nection. For any metric on the leaves, smooth on M , if there is a nontrivial 
integrable harmonic r-form on some leaf with coefficients in V , then fl^{J-', V)r\ 
ker Ayr is of infinite dimension. 



As suggested in , Corollary l.L may be used to find examples of Rieman- 
nian foliations on closed Riemannian manifolds with dense leaves and infinite 
dimensional space of smooth leafwise harmonic forms. 



Theorem 1.2 and its proof are also useful to get a better understanding 
of the term E2 in the spectral sequence of any Riemannian foliation on a 
closed manifold M. Let Tii = kerAo and Hi = im Aq in f2, and let L^Ti.! 
and L^Tii be the corresponding closures in L^fi. Consider the bigrading of Hi 
induced by th e on e of fi. If is Riemannian and the metric bundle-like, by (||) 



and Theorem L2, the differential map di on £1 corresponds to the map Ildi^o 
on Hi, which will be also denoted by di. Hence H'^{£'{^ ,di) ~ H^{H'{^,di). 
Consider also the following operators on Hi: Si — US-ifl, Di = di + Si and 
Ai = D^. Such a Si is adjoint of di, and thus Di and Ai are symmetric in 
L^Hi. 

We also define a differential map di on Hi as follows. First we slightly 
change the bigrading that fl ' induces on Hi: Set 



7^"'" = do,i(f^"'"-i)© -50,-1 , u,veZ. 

Let n.,„ be the projection of fl onto Hi^ according to (||), and set di = IT. ,jC? on 
H{\ We shall see that dj ^ (Section |); indeed H^'iO^^di) ^ H^'iKf^di)— 
see Section ^ for a better understanding of this modified bigrading. Then set 
i5i = Ti.,i,S on H{" for each v, and let Di = di + Si and Ai = D\. Such 
Si is adjoint of di, and thus Di and Ai are symmetric in L^Hi. By using 
Theorem 1.2 and the role played by D± in its proof, we prove in Section ^ the 
following result which generalizes the basic Hodge decompositions of |15| and 

Theorem 1.6 Let J- be a Riemannian foliation on a closed manifold M . For 
any bundle-like metric on M , the operators Ai and Ai are essentially self- 
adjoint on L^Hi and L^Hi, respectively. Moreover L^Hi and L^Hi have com- 
plete orthonormal systems, {0^ : i = 1, 2, . . .} C Hi and {(pi : i = 1, 2, . . .} C Hi, 
consisting of eigenvectors of Ai and Ai, respectively, so that the corresponding 
eigenvalues satisfy < Ai < A2 < • • < Ai < A2 < • • with Xi 1 00 if 
dim Til = 00, and Xi \ 00 if dim Hi ~ 00; thus all of these eigenvalues have 
finite multiplicity. In particular we have 

Wi = kerAi eim Ai , Hi = im Ai . 



5 



A direct consequence of Theorem 1.6 is another proof of the following known 



result, which has important implications about tautness of Riemannian folia- 
tions |§, ||. 

Corollary 1.7 (X. Masa [2C]; see also ||^, ^) Under the same conditions 
we have H{Oi) — and E2 = H{£i), which is of finite dimension and, if M 
is orientahle, satisfies the duality E^'^ = £'1^"'^"'', u,v € Z, where p = dim^F 
and q = codim JF. 

The duality in Corollary is induced by the Hodge star operator of M 
acting on ker Ai for any bundle-like metric. 

Observe that Corollary is not satisfied by arbitrary foliations on closed 



manifolds |g6[. So, if there is a version of Theorem [L.2| for more general foliations 
with the same kind of arguments, then D± should be replaced in its proof by 
other transversely elliptic operator and perhaps more general conditions should 



be used in Theorem 1.1 (see Remarks 2.1C and 3.5). There are related results 
for non-Riemannian foliations with very different proofs 1 19 , IITtII . 



In possible generalizations of Theorem II.4 a key role may be played by the 
fact that our leafwise elliptic operators are symmetric on M instead of being 
symmetric on the leaves. For Riemannian foliations and bundle-like metrics 
both points of view are the same. In general, the Laplacian on the leaves act- 
ing on functions induces the physical leafwise heat flow, while Aq induces a 
modification of the physical leafwise heat flow by "exterior influence" . For non- 
Riemannian foliations, the physical leafwise heat flow may "break" continuous 
functions at infinite time, as can be easily seen for foliations on the two di- 
mensional torus with several Reeb components. We hope the modified leafwise 
heat flow induced by Aq has a better behavior at infinite time for more general 
foliations. 



We hope Theorems 1.2 and |1^ will be useful to study relations between 
spectral sequences of Riemannian foliations and adiabatic limits; precisely, to 
prove the results in Section 5 of [|l^ without the strong hypothesis that the 
positive spectrum of Aq is bounded away from zero. 

We fix the following notation to be used in next sections. The fcth Sobolev 
completion of C°°{E), VL and Vl{T,V) will be respectively denoted by W''{E), 
W^Vl and W^Vl{!F ,V). Fix a norm |j • ||fe in any of these fcth Sobolev spaces, 
and let || • ||fc also denote the corresponding norm of bounded operators on that 
space. Finally, closure in fcth Sobolev spaces will be denoted by cl^. 

Acknowledgment The first author would like to thank S. Hurder and J. Roe 
for helpful conversations about leafwise heat flow. The second author gratefully 
acknowledges the hospitality and support of the University of Santiago de Com- 
postela. 
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2 The general result 

This section is devoted to the proof of Theorem To do it, a result of J. Roe 
in is needed as a first step. We firstly state it in our setting. Let A be the 
Frechet algebra of those functions / on R that extend to entire functions on 
C such that for each compact subset K C H the functions {x i-^ f{x + iy) : 
y £ K} form a bounded subset of the Schwartz space 5(R). Such an is a 
module over the polynomial ring C[z], and contains all functions with compactly 
supported Fourier transform and the Gaussians x i— > e~ . With the notation of 



Theorem 1.1, without assuming (|1|), the same arguments as in Propositions 1.4 



and 4.1 in |24| give the following (see also for a discussion of the action 
of functions of tangentially elliptic operators in Sobolev spaces on the ambient 
manifold) . 



Proposition 2.1 (J. Roe |24|) The functional calculus map f f{D) given 
by the spectral theorem restricts to a continuous homomorphism of algebras and 
C[z]-modules from A to the space of bounded endomorphisms of each W'^i^E), 
and thus to the space of continuous endomorphisms of C°° [E] . In particular, 
defines a bounded operator on each W^{E) and a continuous operator on 



e 



-tA 



C°°{E), which depends smoothly on t ^ [0,oo) 



Now assume (||) is satisfied. Then Theorem 1.1 clearly follows from the 



following six properties, which are proved by induction on k — 0, 1, 2, . 

(i) There exists ci^fc > such that the bounded operator e'*^ on W''{E), 



defined by Proposition 2.1, satisfies 



||e"*'^||j. < ci^fe for all t>Q. 

(ii) De^*^ defines a bounded operator on W''{E) and there exists C2,k > 
such that 

\\De-*^\\, < ^ for all t>0 . 
II life - ^ 

(iii) Ae~*'^ defines a bounded operator on W''{E) and there exists c^^k > 
such that 

||Ae~*'^||, < — for aU t>0 . 
II llfc - ^ 

(iv) The operator e~*^ is strongly convergent in W^{E) as t oo. Moreover 
{t,(j)) I— I- e~*'^4> defines a continuous map [0,oo] x W''{E) W''{E). 

(v) We have 

W*" [E) = ker (A in (E)) © cU (im A) 
= ker {D in W''{E)) ® clfc(im D) . 

The corresponding projection of W''{E) onto the kernel of A in W''{E) is 
obviously defined by 11 . 
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(vi) There exists CkA > such that 

||d</'||fc + ||^0lU <Cfe,4||^0l|fc 

for all (j) e C°"{E). Thus 

ker {D in W^(E)) ^ ker {d in W^{E)) n ker {5 in W'^iE)) , 
clfc(im D) = clfc(ini c?) clfc(im J) . 

For fc = 0, properties (i)-(v) follow directly from the spectral theorem. 

Proof of property (vi) for k = 0. Since the image of d is orthogonal to the 
image of S in L^iE), we get \\D(f)\\l = \\d(f>\\l + \\S(t>\\l for any G C°°{E). Thus 

\\d^o + \M\o<V2\\D<j)\\o ■ □ 

Now suppose properties (i)~(vi) hold for a given k = I and we shall prove 
them for k = I + 1. 

The direct sum decompositions in properties (v) and (vi) for k — I define 
projections P and Q of W''{E) onto cl/(im d) and cl/(im S), respectively. Thus 
id = n + P + Q. 

Lemma 2.2 There are bounded operators Bi, . . . , on W''{E) such that 

Ad±dA = Bid + dB2, 
AS±SA = Bi5 + SB2, 

[A, A] = B3A + AB4 + DB5D . 

Proof. We clearly have 

dU^Ud^ SU = I15 = dP = P6 = 5Q ^ Qd^O . 

So 

d = dQ = DQ ^ Pd^ PD , S^SP^DP^QS^QD . 

Hence (j^) yields the first two equalities in the statement with Bi = GP + KQ 
and B2 = QH + PL. Thus AD±DA = B1D + DB2, yielding the third equality 
by using the equation 

[A, A] ^ {AD ± DA)D t D{AD ± DA) . □ 

Lemma 2.3 For any bounded operator R : W''^^{E) — > W\E), we have the 
following Duhamel type formula: 

[R, e-*^] ^ - / e-(*-")^ [R, A] e""^ ds 
Jo 

as a bounded operator W'+^{E) W^{E). 
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Proof. This follows by arguing as in the proof of the usual Duhamcl's formula 
(see Lemma 12.51 in [^). □ 



Lemma 2.4 [A,e ] defines a bounded operator on W (E), and there exists 
ci^i > such that 

||[Ae-*^]||; <5;,i for all t>0. 
Proof. By Lemmas 2^ and 2^ we have [A, e~*'^] ^ Ii + h, where 



h 
h 



Jt--)^BsAe-'^ds- / e^*-''>^AB.e-'^ds 



On the one hand, property (ii) for k = I yields 

ds 



which is bounded independently of t since this integral is easily seen to be tt. 
On the other hand, 

h = e-*^/2(i?3-i?4)e-*^/2 + e-*'^i?3 + S4e-*^ 
rt/2 



A(B3 + B4) ds 



-(t-s)A 



t/2 



where we have decomposed the integrals in the definition of /i as sum of integrals 
on the intervals [0, 1/2] and [1/2, 1], and we have used integration by parts with 
the equalities 

OS OS 
Hence, by properties (i) and (iii) for k — I we get 

WhWi < cf ^\\B3 - B4i + ci^i iWB^Wi + \\B4i) 



Q,iQ,3 (^\B3 + B4i J^^ 



*/2 ds 



t~ s 



+ \\B3-B 



4||i 



* ds 

t/2 S 



which is bounded independently of t since both of these integrals are equal to 
In 2. □ 
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Lemma 2.5 AD e ± De *''^A defines a bounded operator on W\E) and 
there exists cz 2 > such that 



\ADe-*^±De''*'^A\\<^ for all t>0. 



Proof. By Lemma 2/1 we have 

AD±DA^ BiD + DB2 , 



yielding 



AD e-''^ ± D e-'-^ A 



A e~'^/^ D e-*^/2 ± e^'^/^ D e^*^/^ ^ 



A,e-*^/2 De-'^/^Te-'^^^D 
-f e-*^/2 (^AD±DA)e-'^/^ 



A,e 



-tA/2 



BiD e-*^/2 + e-*^/^ DB2 e-'^'^ 



Thus the resuh foUows by Lemma 2.4 and properties (i) and (ii) for k — I. U 

Since £) is a leafwise elliptic operator of order one and A is transversely 
elliptic of order one, there exist ej^i, 6(^2 > such that 

eull'/'Ib+i < Ml + 11^011; + WMWi < eiMmi+i (4) 

for all <j) G W^+^{E). 

Proof of property (i) for k — I + 1. This property follows from (^) since, for 
(j) e W^'^^{E), we have the following: 



-tA 



0||, < Ci,i ll'/'ll; < CLie'1,2 \\(l>\\i+i 



De 



-tA, 



£'0||,<Q,i||i^(/)||,<Q,iej,2||0|| 



-tA 



< II [A, e-*'^] 011,4 

< Q,i 11011; + Q,i 



A(f>\\ 



where we have used property (i) for k = I, Lemma 2.4 and (^. □ 

Proof of property (ii) for k = / + 1. Again this property follows from 
since, for e W^~^^{E) we have the following: 



\De 



-tA, 



<^ll'^l|.<^ 11011m 
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- ||i?e-*^ D(t>l < ^ \m\i < 11011 



ADe 



-tA, 



I; < \\{ADe-'^±De-'^A)(j)\\^ + \\De-'^A(l}\\^ 

< ^ II* + f 11^*11. 

(q,2 + Q,2)e/^2 



< 



I10II 



i+1 



where we have used property (ii) for k = I, Lemma 2.5 and M). □ 



Proof of property (Hi) for k = I + 1. This follows directly from property (ii) 
for fc = ; + 1 since A e"*^ = D 6"*^/^ D e'^^l'^ on C°°(E). □ 

Let n = id — n. Set B — — i^all, which is a bounded operator on 
W^{E). For further reference, we point out the following estimates which are 
similar to (|4|): There exist ej ej 2' ^"i' ^"2 > ^ ^'^'^'^ ^^^^^ 

e;,i||0||i+i < ||0||, + ||Z?0||, + ||(A + B)0||i <e;^2||0|h+i , (5) 

e;:i||0||i+i < Uh + IP-^lh + < <2m\i^i ■ (6) 

Lemma 2.6 T/ie operator [A + B, e"*'^] strongly converges to the zero oper- 
ator on W^E) as t ^ 00. Moreover {t^cf) ^ [A + i?,e~*'^] (j) extends to a 
continuous map [0, 00] x W^{E) — s- W^{E) vanishing on {00} x W^{E). 

Proof. Take any a > 1 that will be fixed later. Let us write [A + B, e^*'^] = 
Ji + 12, where 



h 
h 



-tA/a 



^-{t-t/a)A 



A + B^e-'^/" 



By Lemma \i.2\ and since AH = 0, we easily get 

[A + B, A] = (A(B3 + B4) + DB5D)U 



(7) 



Hence, by Lemma 2.5 we have I2 — l2,i + l2,2, where 

pt/a 



I2.2 



A{B3 + B4)e-"^Uds 



t/a 



'(t-^)^ DB.De-'^Iids 
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Properties (i), (iii) and (vi) for k = I yield the following estimate for cf) £ W''{E): 

r'/" ds 



\\l2,l<P\\l < Q,lC;,3||S3+B4||i 
< Q,lQ,3 II-S3 + -B4||; 



n0 



t - s 



In 

; a — 1 



Similarly, properties (i), (ii) and (vi) for fc = / yield the following estimate for 
ip G W\E): 



2,2<i 



< 



< c; 



1,2 



He/) 
ncj) 



ds 



I Jo \J{t- s)s 

2 - a 

TT + arctan 



Therefore I2 defines a bounded operator on W^{E) whose norm can be made 
arbitrarily small uniformly on t by taking a large enough. 
To study Ii we shall use the following: 

[A + B, e-"'^] n = for all s > . (8) 

This equation holds because it is obvious for s — Q and moreover 

^([A + S,e-^^]n) = -[A + B,e-^^A]n 
which vanishes since An = and by (§). Now (|) yields 



h 



Furthermore, by Lemma and property (i) for k = I, [A + _B, e^'^'~*/°^'^] 
defines a bounded operator on W\E) whose norm is uniformly bounded on t. 
Therefore, by property (iv) for k = I, Ii strongly converges to zero in W''{E) 
as i — > 00 for any a > 1, and (t,(f>) i—s- /i0 extends to a continuous map 
[0,00] X W''{E) W^{E) vanishing on {00} x W^{E). □ 

Proof of property (iv) for k = I + 1. Consider the following bounded compo- 
sitions: 



W^+^E) 



-tA 



W'+^{E) W^{E) 



W^+^{E) W^+\E) W^{E) , 



(9) 
(10) 



12 



W'+i {E) PF'+i {E) ^ > (E) . (11) 

By (||), it is enough to prove that the compositions (^), ( p^ ) and (|l^) are strongly 
convergent as i — > cx3, and to prove the continuous extension to [0, oo] x W'''^^{E) 
of the maps [0, cx)) x VF'"^^(i?) W''{E) defined by these time dependent opera- 
tors. This holds for (^) and (|lO|) by property (iv) for k = I since these operators 
are respectively equal to the compositions 

p-tA 

W'+\E) ^ W' {E) W\E) , 

W^+^E) — W^iE) W^iE) . 



On the other hand, ( ]ll| ) is the simr of the bounded compositions 

\A + B e^*^] 

W^+\E) --^ W\E) ■ ^-*W^{E), (12) 

W^+\E) ^ > W'{E) W'iE) . (13) 



Now Lemma 2.6 and property (iv) for k — I respectively imply the strong 
convergence of (|12|) and (|l^) as t ^ oo, as well as the continuous extension to 
[0,oo] X W^+^{E) of the maps [0,oo) x W^+'^iE) W\E) defined by both of 
these time dependent operators. □ 



Corollary 2.7 11 defines a bounded operator on W''^^{E). 

Proof. This result is a direct consequence of properties (i) and (iv) for 
k^l + 1— observe that, for each e W''+^{E), the limit of e'^^ct) in W'-^^{E) 
as i — + oo can only be 110 since it is so in L'^{E). □ 



Corollary 2.8 [A + B,ll]^0: W'+^{E) W^{E). 

Proof. By Lemma ^.6| , [A + i3,e~*^] strongly converges to zero on W^{E) 
as i — > oo. Hence the result follows because, as t — > oo and for each (j> G 
W^+^{E), {A + B)e-*'^(f) and e-*'^(A + B)(/) converge in W'{E) to {A + B)Il(l) 
and Il{A + B)(j>, respectively, by property (iv) for A: = ^ + 1, Z. □ 



Proof of property (v) for k — I + 1. By Corollary 2.7 and property (v) for 
fc = Z, n defines a projection of T4^'+^(i?) onto the kernel of A in W'''^^{E). 
Now, for t > and s £ R let 



{l-e-'" )/s2 if s^O 
t if s = . 
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It is easy to check that /* is in the algebra A of Proposition 2.1, Thus ft{D) 
defines a bounded operator on W''~^^{E) satisfying 

So property (iv) for fc = Z + 1 yields that, for any (p E W^^^{E), Hip is the limit 
of AftlD)(l) in W^+'^{E) ast^oo. Hence 

U{W'+HE)) C c\i+,{im A) . 

This is really an equality because the reverse inclusion can be easily proved as 
follows: 

cl;+i(imA) C W^+\E) n cloiim A) 

= w'+\E)nn{L^{E)) 

= U{W'+\E)) . 

Here we have used property (v) for k — and the fact that H is a projection. 
Therefore we have proved the first direct sum decomposition in property (v) for 
k^l + 1. 

The second direct sum decomposition follows similarly by using the functions 
given by 

_ / (l-e-*''')/s if s^O 
t if s = 



9tis) 



instead of the ft- □ 



Proof of property (vi) for k = I + 1. Take any cj) € C°°{E). Lemma 2.2 
property (vi) for k — I and ^ yield 

\\d<P\\i+i + \M\i+i < ^{\\d^i + \M\i + \\Dd<P\\i + \\DS4>\\i 



+ \\{A-Bi)d^i + \\iA-Bi)d^i) 

-^i\\d(b\\i + \\Scp\\i + \\dD^i + \\SD(b\\i 
^1,1 

+ MtA + 52)011, + \\SiTA + B2)0||O 



< ^ iWDcPWi + ||A0||z + WDiTA + B^m) 
^1,1 

< ^^{\mU + \\A^\U + \\{A-B^)D^O 

ci 4e5'o 
^1,1 
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Remark 2.9 If A is symmetric in Theorem 1.1, then one of the two equations 
in ([^) can he removed in its statement because both of them are equivalent by 
takinq adjoints on M . 

Remark 2.10 The following more general condition can be used instead o/ (0) 



in Theorem 1.1 to get the same long time behavior of leafwise heat flow with a 
similar proof: There is some first order transversely elliptic differential operator 
A and zero order operators Ki, . . . ,Kiq such that the operators 

Fi = Ad±dA- Kid- dK2- K3S - SKi , 
F2 = A5±5A-K^5- SKq - Kjd - dKs 

satisfy 

FiStSFi +F2dTdF2 = 

dKgd + SKiod + dKiiS + SK12S + dSKis + SdKu + Ki^dS + Ki^Sd . 

Nevertheless, so far we did not find any non-Riemannian foliation with a {non- 
elliptic) leafwise elliptic differential complex satisfying such a more general con- 
dition. 



Corollary 2^ yields [A, H] = —[B, U] on each W''{E), obtaining the following 



consequence that will be used later. 

Corollary 2.11 [A, H] defines a bounded operator on each W''{E), and thus a 
continuous operator on C°°{E). 

3 Case of the leafwise de Rham complex for Rie- 
mannian foliations 

With the notation introduced in Section |l|, the obj ecti ve of this section is to 



prove the following result, which implies Theorem 1.2 by using Theorem 1.1 



and Remark 2.£ 



Proposition 3.1 If J- is a Riemannian foliation and M is endowed with a 
bundle-like metric, there is a zero order differential operator K on Q such that 



To prove Proposition 3.1, choose any open subset J7 C Af of triviality for T. 
Let n = dim ill, p ~ dim and q — codim J-. Fix tangential and transverse 
orientations for T in U , obtaining the Hodge star operators and on the 
restrictions of /\T!F* and /\TT^* to U, respectively. Moreover we get an 
induced orientation of U so that *±(1) A*jp-(1) is a positive volume form. The 
following lemma can be easily proved (the statement of Lemma 4.8 in jsj is 
similar). 
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Lemma 3.2 Over U, the Hodge star operator on /\TM* = /\TT^* ® f\TT* 
is given by 

U V q—u p—v 

* = mjr : /\ TT^* ® f\ TT* — > f\ TT^* ® f\TT* . 

Let X {Tij) C X{U) be the Lie subalgebra of vector fields which are tangent 
to the leaves of J-u = J^\u^ and let X{UtJ-u) C X{U) be its normalizer — 
the Lie algebra of infinitesimal transformations of Tjj- Let also ft{U/J-u) C 
n-'°{U) denote the basic complex of Tu, and C°° iU/Tu) = ^" (U/Tu). For 
X e X{U) let Cx denote the corresponding Lie derivative on n{U) and 9x its 
bihomogeneous (0, 0)-component. By comparing bidegrees on Cartan's formula 
we get that, if X is orthogonal to !F, then 

0x=txdi,o on r!°'(C/), 

yielding 

ejx = fex on n^'-{U) forall feC°°{M) 

and 

i=l 

where Xi, . . . , Xq is any frame of TJ-'^ on U with dual coframe ai, . . . , a, 
in Furthermore, if X g X{U,Tu) is orthogonal to the leaves and 

Y e X{Tij), then 

iyCx — C,xiY — i[x,Y] =0 on , 

yielding that the (—1, l)-bihomogeneous component of £x vanishes on VL''^{U)^ 
and thus on Therefore 

OxdQ^i = do,i9x on n{U) 

by comparing bidegrees on the formula Cxd = dCx- 

As was pointed out in Section ^ the restriction of 5o.-i to fl*^'' = ^{T) is 
defined by the de Rham coderivative on the leaves. This holds whenever the 
transverse Riemannian volume element is holonomy invariant, and in particular 
when the metric is bundle-like: On U, uj = *±(1) satisfies duj — 0, and thus, by 
Lemma |3^, for /? e n^'^'iU) we have 

So.-if3 = ( 

= ( 

- ( 

= ( 



-l)™'+"+i*do,i*/3 
-ir+"+i*do,i(^A*^/3) 
-lf-+P+^i.{ujAdo,i*r 13) 
-ir+P+i^^do,i*^/3. 
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Lemma 3.3 If X Cz X {U,!Fu) is orthogonal to the leaves, then there is a zero 
order differential operator Ru,x on fl^ 'iJJ), depending C°°{M/Tu) -linearly on 
X, such that 

[ex,5o,-i]^[Ru.x,&o.-i] on n"- . 

Moreover the assignment (U, X) > Ru.x can be chosen so that the restriction 
of Ru X to any subset U' d U of triviality for T is equal to Riji x' ? where 
X'^X\u>. 

Proof On since = (-l)(P-'')''id we get 

Hence the result follows by choosing 

Ru,x^{-l)^''^''^''[ex.i^rVr 

because 

= [6ix,*?r] = [Ox^-^r] + [Ox,-^A ■ ° 

Obviously, (io,i and (5o.-i arc C°°(?7/jF[/)-linear on Q.{U). Indeed we have 
the following. 

Lemma 3.4 We have 

do,i = (-1)" id (g) do4 , <^o,-i = (-1)" id (g) do,-i 

with respect to the canonical decomposition 

as tensor product of C°° [U / Tjj) -modules. 

Proof. The first identity is clear because do.i vanishes on basic forms. The 
second identity holds because the metric is bundle-like on U : This is equivalent 
to 

and thus, by Lemma [3^, for a e n^iU/J'u), /? G n°^''{U) and r = w + w, we 
have 

^o,-i(aA/3) = (-l)"''+"+i*do,i*(aA/3) 

^ (_^ynr+„+l+(g-«)(„+l) ^ ^^^^ ^ ^^^^ 

= (-l)"aA5o.-i/3. □ 
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The proof of Proposition can be completed as follows. Let Xi, . . . , Xq € 
X {U, Tjj) be a frame of T!F^ on U , and let ai, . . . , ctg G [U / Tu) be the dual 
coframe. Take any a G £7" [U / Tij) and any /3 G Then Lemmas 3.3 

and 3.4 yield 



(di,o<5o,-i + (5o,-idi,o)(a A /3) = (-1)" di,oa A 5o,-i/3 + a A rfi,o(5o,-i/3 

+ (-!)"+! di,oa A (5o^-i/3 - a A <5o.-irfi.o/3 

9 

= ^aAaj A [6lx,,'^o,-i]/3 

i=l 
9 

= ^aAofj A [-R(7,x,,'^o,-i]/3 
= {Ku6fi^-i+5o,-iKu){ahl3) , 

where, for a and (3 as above, 

9 

A 13) = (-1)" ^ a A A i?(7,x./? ■ 



By the properties of the Ru,Xi , it is clear that Ku is independent of the choices 
of the Xi, and moreover the restriction of Ku to any open subset [/' C C/ of 
triviality for is equal to Kw . Thus the Kjj defines a global operator K on. 
satisfying 

di,o^o,-i + ^0,-1^1,0 = K6o~i + So~iK , 



which finishes the proof of Proposition 3T since (see e.g. 0) 

dindoA + doAdi,o = . 



Remark 3.5 Proposition 3.1 is slightly stronger than (|i|) in Theorem 1.1. In 
this case K = L, and thus 



with 



D^Do + DaD^ = B^Do + D0B2 



Bi = K*P + KQ , B2 = QK* + PK 



in Lemma 2.i. In particular B2 = B^. Observe that, if K is symmetric, then so 
is Bi, yielding that D± — Bi commutes with Ag and thus with e~*^° . Therefore 
the proof of Theorem l.i would follow with a much simpler induction argument. 
Of course K is not symmetric in general. 



Remark 3.6 The above proof of Proposition 3.1 gives explicit local descriptions 
of K and L. But an alternative proof can be made by using Molina's description 
of Riemannian foliations: It allows to reduce the proof to the case of transversely 
parallelizable foliations, where our local arguments can be made globally. 
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Remark 3.7 In the setting of this section, Corollary 2.11 states that [Z)j^,n] 
defines a hounded operator on each W'^Vl. 



4 Case of leafwise differential forms with appro- 
priate coefficients 

Corollary |l.3| is proved in this section. Let thus T, M and V be as in the 
statement of that result. Since any metric on the leav es, s mooth on M, can be 
extended to a bundle-like metric on M, then Corollary |l .3| follows directly from 



Theorem 1.2 when V is any trivial Riemannian vector bundle with the trivial 
J^-partial connection. 

In the general case we follow Molino's idea to describe Riemannian foliations 
[ pT] , ]2^ . Let TT : F ^ be the principal 0(fc)-bundle of orthonormal frames 
of V , where k is the rank of V] observe that such an F is a closed manifold. 
The metric jF-partial connection on V can be understood as an 0(fc)-invariant 
vector subbundle H C TF so that tt* : Hf ~* T^(^j:^J^ is an isomorphism for 
every frame f G F. Moreover the flatness of the connection means that H 
defines a completely integrable distribution, and let thus be the corresponding 
foliation on F. It is clear that T is also a Riemannian foliation, Tr*V has a 
canonical trivialization as Riemannian vector bundle, the pull-back of the partial 
connection on V is the trivial J^-partial connection on Tr*V, and it* defines an 
injection ^1{!F, V) ^ il{J-',7T*V). Moreover it is easy to check that, for the lift 
of any given metric on the leaves of to the leaves of Ajf is the restriction 
of by the above injection. Therefore Corollary 1.2 for and V follows from 

the case of !F and n*V. 



5 The space of bundle-hke metrics 



We prove Corollary 1.4 in this section. First we recall some technicalities from 
[p|. For a given fohation T on a manifold M, let j/ = TM/TT, Q ^ S^{iy*), 
and Q'^ C Q the subbundle given by the positive definite elements in Q. Hence 
C°°(Q+) is the space of metrics on the normal bundle v. Such metrics are 



the key point to prove Corollary 1.4 because any metric g on M is uniquely 
determined by fixing three objects: A metric gyr on T!F, a subbundle N C TM 
which is complementary of TJF, and a metric gi, on v. In fact, g^ determines 
a metric g^ on N by the canonical isomorphism N ^ v, and g is determined 
as the orthogonal sum of gj^ and g^. Conversely, g determines gy^ = glry^, 
N = TJ-^ and gi, as the only metric that corresponds to g\N by the above 
isomorphism. According to this notation, the metric g is bundle-like if and only 
if the corresponding metric g^, is parallel with respect to the J^-partial Bott 
connection on S^{i^*); i.e. dj^{g^) = 0. Thus, by modifying only g^ for each 
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metric g, it is clear that Corollary 1.4 follows from the following result by using 
Corollary 1.3 with V ~ Q. 



Lemma 5.1 Suppose T is Riemannian and M is closed with a fixed bundle- 
like metric. Then the corresponding leafwise heat operator e^*'^^ on Q) 
preserves C°°{Q~^) for each t € [0,oo]. 

Proof. Consider the metric g on v determined as above by the bundle-like 
metric on M. Let be the sphere bundle over M given by the normal vectors 
of ^-norm one. Then the result follows by checking that, for any g e C°°((5+), 
we have 



(e *^^g) {v,v) > mmg{v,v) for all ie[0,c»). 



mm ■ - 



This in turn follows by checking that, for any given T G [0, oo), if the map 
i> G I— !■ {e^'^'^^g){v,v) G R reaches the minimum at some Vm G I'l for some 
X ^ M, then 



dt 



> 



This property can be proved as follows. Extend u,„ to a local field V of normal 
vectors of ^-norm one satisfying dj^V = 0; this is always possible on some open 
subset U C M of triviality for since dyrg = 0. Then, if P is the plaque in U 
containing x, the restriction ft of {e~*^^g) (V, V) to P satisfies the parabolic 
equation dft/dt + Ap/f = and fx reaches the minimum at x; here Ap is the 
Laplacian on P. Hence 



> 

by the maximum principle and the proof is completed. □ 



6 Dimension of the space of leafwise harmonic 
forms 



Corollary 1.5 is proved in this section. With the notation of that corollary, let cj) 
be a nontrivial integrable harmonic r-form on some leaf L with coefficients on V. 
Such (j) determines a continuous linear functional (j) on Qp^^{J^, V*), p = dim JF, 
given by 

4>{ip) = J^^/\ij\L ■ 

Thus is a singular element in W''il.^{!F,V) for some negative fc G Z. Take 
any sequence (pi in ri''(jF, V) converging to (p in W'^il^{!F, V). By Corollary 



1.3 



is a sequence in n^{J^, V) ker Ajf converging to the singular (j) — Hep in 
W'^il'^{J-', V), and so the generate a space of infinite dimension. 
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7 Application to the second term of the spectral 
sequence of Riemannian foliations 

The objective of this section is to prove Theorem |1.6| and CoroUary ^7^. Consider 
thus the notation and conditions introduced to state those results. 

Lemma 7.1 Di and Di are essentially self-adjoint in L^Jii and L^Jii, respec- 
tively. 

Proof. By Theorem 2.2 in D±^ is essentiaUy self-adjoint in L^Vl. Then, 
by using e.g. Lemma XII.1.6-(c) in so is IIDxII because 11 is a bounded 
self-adjoint operator on Li^Q,. But n_D^n is equal to Di in L^Tii and vanishes 
in its orthogonal complement. Hence Di is essentially self-adjoint. 

The proof that Di is essentially self-adjoint is similar. □ 

Lemma 7.2 We have the following properties: 

(i) DH— IlD±Il defines a bounded operator on L^fl. 

(ii) For each v ^ 7i, Dll. y — 11. ^011. ^ defines a bounded operator on L^ft. 
Proof. Property (i) can be proved as follows. Because -Doll = 0, we get 

on - uDjlU = (id - u)Di^u + (^2,-1 + ^-2,i)n , 



which is bounded on L Q by Remark 3.7 and the formula 



(id-n)L>_Ln = [D^,n]ii. 

The proof of property (ii) is slightly more complicated. We have 



Dii. y-n. ^dh. ^ = 



D,n.,y 



n.,„ . 



But, if = 01 + 02 e n f with 01 G do4(f^-'''-i) and 02 e So-i{n-^^), then 

rfo40i = So-i4>2 = , (5o,-i</'i, do^i4>2 e TYi'" , 
yielding [£>o,n.^i,]0 ~ 0. Hence 



D,U.y 



H. 



H. 



d2-i + (5-2,1, n.^„ 



H. 



But clearly 



D^, H.,„ H.,„ = H.,„_ii?j.H.,, + H.,„+iZ?iH.,„ 
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Therefore the result follows once we have proved that the last two terms define 
bounded operators on L^il. In fact, by taking adjoints, it is enough to prove 
that one of them defines a bounded operator for^arbitrary v. 

Let </» = 01 + 02 as above. Then obviously n._„_iDj_0i = 0. On the other 
hand, 02 is the C°° limit of (5o,-i'0i for some sequence ipi in fi '". So 

Dj^^ = lim (-(5o,-iI?± + K6o,-i + 6o,-iK) 



by Proposition 3.1, yielding 



n...-ii^j 



because n.^t,_i(5o,_iri '" 
is bounded on L^ft. □ 



and n. y_i is continuous on fl. Thus 11. jj_iD±Il. y 



Define the norms || • Woi.k on Hi and || • ||~ ^ on Hi by setting 



id + i:>i V 



||0||z3„fc-||(id + i?l)V||o , IIV-IIS,, 



and let W^Hi and W^Hi be the corresponding completions of Hi and Hi 



Then the following result follows directly from Lemma 7.2 



Corollary 7.3 The restrictions of the kth Sobolev norm \\ ■ \\k to Hi and Hi 
are respectively equivalent to the norms \\ ■ \\Di,k and || • ||^ ^. Thus W^Hi and 

W^Hi are the closures of Hi and Hi in W^D,, respectively. 

The inclusions W^+^Hi ^ W^Hi and W^+^Hi ^ W^Hi are compact 
operators by Corollary ^2. Then, by Proposition 2.44 in |^ and Lemma 7T 



the Hilbert spaces L^Hi and L^Hi have complete orthonormal systems, {0,; : 
i = 1, 2, . . .} C Hi and {0i : i = 1, 2, . . .} C TYi, consisting of eigenvectors of 
Ai and Ai, respectively, so that the corresponding eigenvalues satisfy < Ai < 



A2 < 



< Ai < A2 < • • •, with Ai t 00 if dim Til — 00, and Ai t 00 if 



dim Til = 00. Thus it only remains to check that Ai > to complete the proof 
of Theorem 1.6; i.e. to check that ker Ai = 0. The rest of this section will be 



devoted to prove this property. 
For each v e Z let 

w<iv 

The bigrading of fl is used to define these spaces only for the sake of simplicity, 
indeed they depend only on T |27j, The de Rham derivative preserves the 
above spaces, and the quotient topological complex (^By/Bv,(I) is canonically 
isomorphic to (Oi,di). Moreover we have the following known result whose 
proof is easy and does not require that J- be Ricmannian and M closed. 
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Lemma 7.4 (V. Sergiescu |27|; see also pi) The cohomology of the quo- 



tient complex Bv/Zv-i is trivial. 

We also have the following canonical identities of topological vector spaces: 

H{K/B,,d} EE d-\Br)/d{K) ■ 



Then Lemma 7.4 means d ^{Zy^i) — d{Bv). So the canonical map 

H {B~jZ,_i,d} ^ H {K/B,, d) 
can be identified with the equality 

and is thus an isomorphism of topologicaWector spaces. 

Now in Theorem 1.2 implies that II. y induces an isomorphism of topo- 



logical vector spaces between B^/Zy-i and 7i^'" such that c?i corresponds to 
d. Hence = and H{Oi,di) = H ("Hi, di) = kerAi as topological vec- 



tor spaces, yielding ker Ai = as desired because ker Ai is Hausdorff while 
H (Oi, di) has the trivial topology. 



Observe that the duality stated in Corollary |1. 7] follows because, when M is 
oriented, the corresponding Hodge star operator commutes with H and Ai. 

Remark 7.5 Let E{X) and E ^A^ he the eigenspaces corresponding to eigen- 
values A of Ai and A of Ai. This eigenspaces have bigradings induced by 
the bigradings of Tii and Tii . Then, if M is oriented, the Hodge star opera- 

tor also induces duality £'(A)"'" = E{X)'^~'^'P~^ , and skew duality E (Xj = 

e{x) 



Remark 7.6 If we use appropriate zero order modifications of D±, then we get 
the Hodge theoretic version of the results of J7^, which have important implica- 
tions about tenseness. 
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